
Motivation

It is well–known that the standard procedure for quantizing classical
field theories in the Lagrangian approach is by using the Feynman
path integral. But, quantization is not a well defined operation, sin-
ce we should specify a reasonable “integration measure” over the
space of fields.

To overcome this difficulty, several approaches have been investi-
gated. The underlying idea is to extend the field space by auxiliary
fields.

The most powerful approach is the so-called AKSZ Formalism which
provides us a new method to construct solutions of the classical
master equation and to induce a NQ–structure on the space of su-
permaps (given certain structures on the domain and on the target).

From a mathematical point of view, there exists a promising interplay
between sigma models in theoretical physics and geometric struc-
tures.

D. Roytenberg explored this connection by classifying symplectic
NQ–manifolds in weight 1:

Symplectic NQ–
manifolds of weight 1Poisson manifolds

In this work, we extend this result to a non–commutative setting by
using non–commutative algebraic geometry:

Symplectic NQ-manifolds
of weight 1 over Rep(A,V )

Poisson manifolds

Bi-symplectic NQ-Structures
over R of weight 1.

Double Poisson Algebras

Finally, this work represents the first step in a program in order to find
analogues of TFTs in the framework of non–commutative algebraic
geometry by using an adaptation of the AKSZ formalism.

Non–commutative Algebraic Geometry

A non–commutative scheme is a Grothendieck category.
In a heuristic way, associative algebras can be regarded as the
algebra of functions of a non–commutative scheme.
The Kontsevich–Rosenberg Principle states that meaningful geo-
metric concepts of non-commutative algebraic geometry should
go, under the representation functor, to their commutative counter-
parts on Rep(A,V ), where Rep(A,V ) is the representation sche-
me of a finitely generated unital k–algebra A in a vector space
V .
The basic example of an affine non–commutative scheme is pro-
vided by a quiver.

Basics

It is very familiar that a regular vector field on a smooth affine alge-
braic variety X is amount to a derivation k [X ] → k [X ], of the coordi-
nate ring of X .

Nevertheless, W. Crawley–Boevey showed that for a smooth affine
curve X with coordinate ring A := k [X ], the algebra of differential
operators on X can be constructed by means of double derivations:

Double Derivations
Let A be an algebra, and consider A ⊗ A as an A–bimodule with the
inner structure. A k–linear map Θ : A → A ⊗ A is called a double
derivation if it satisfies the Leibniz rule, that is, if

Θ(a1a2) = a1Θ(a2) + Θ(a1)a2

for all a1, a2 ∈ A. Let Der(A) denotes the A–bimodule of all double
derivations from A to A ⊗ A.

Non–commutative differential 1–forms
Define the bimodule of non-commutative differential 1–forms as
the A-bimodule Ω1

nc(A) with a derivation d : A → Ω1
nc(A) that satisfies

the following universal property:

For any A–bimodule M with derivation δ : A → M, there exists a
unique module morphism f : Ω1

nc(A) → M making the diagram com-
mute:

A
δ

��

��Ω1
nc(A)

f��
M

Lemma
Let A be an associative unital k–algebra. For any A–bimodule M,
there exists a natural isomorphism:

Der(A,M) � HomA−Bimod(Ω
1
nc(A),M)

where Der(A,M) is the k–vector space of derivations from A to M.

In the special case when M = A ⊗ A, we obtain an isomorphism:
Der(A) � HomA−Bimod(Ω

1
nc(A),A ⊗ A). The contraction operator is

the morphism of A–bimodules which corresponds to Θ ∈ Der(A)
under the isomorphism above:

iΘ : Ω1
nc(A) → A ⊗ A

We can define the operator Lie derivative, LΘ, in the usual way.

Now, Ω•
nc(A) := T•

A Ω1
nc(A) to be called the algebra of non-commutative

differential forms of A. It is a differential graded algebra over A, with
differential dΩ•

nc(A) given by extending d using the Leibniz rule.

By the definition of Ω•
nc(A), there exists a unique way to extend the

map iΘ : Ω1
nc(A) → A ⊗ A to a degree -1 derivation.

Bi–symplectic Algebras

The problem is that the differential d on Ω•
nc(A) does not provides

us an interesting cohomology theory:

Hi(Ω•
nc(A), d) =

�
k if i = 0
0 if i > 0

Non-commutative Karoubi–de Rham complex
The noncommutative Karoubi–de Rham complex of A is a gra-
ded space defined by

DR•(A) := Ω•
nc(A)/[Ω

•
nc(A),Ω

•
nc(A)]

where [·, ·] denotes the super–commutator.

Next, we cannot carry out the classical definition of symplectic form
in our case because the part of non–degeneracy does not work sin-
ce i(ω) : Der(A) → (Ω1

nc(A)⊗ A)⊗ (A ⊗ Ω1
nc(A)) : Θ → iΘ(ω).

If C is a graded k–algebra and c = c1 ⊗ c2 then we put ◦c =
(−1)|c1||c2|c2c1 and if φ : C → C⊗2 is a linear map then we define

◦φ : C → C, c → ◦(φ(c))

Let Θ ∈ Der(A). We apply this with C = Ω•
nc(A) and we obtain the

reduced contraction operator:

ιΘ := ◦iΘ : Ω•
nc(A) → Ω•−1

nc (A)

Also, we define the reduced Lie derivative, LΘ =◦ (LΘ).

Bi–symplectic Algebras
An element ω ∈ DR2(A) which is closed for the universal derivation
d is bi–symplectic if the map of A–bimodules

ι(ω) : DerR(A) −→ Ω1
R(A)

Θ −→ ιΘω

is an isomorphism. An algebra equipped with a bi–symplectic form
to be called a bi–symplectic algebra.

Define the Hamiltonian vector field Ha ∈ DerR(A) corresponding to
a ∈ A via ιHaω = da.

Double Poisson Algebras

Naively, for non-commutative algebras, we may mimic the classical
definition of Poisson algebra.

The problem is that if A is a non-commutative domain (more gene-
rally, a prime ring), any Poisson bracket on A is a multiple of the
commutator [a, b] = ab − ba (see [FL], Theorem 1.2).

n-bracket (Van den Bergh)
An n-bracket is a linear map

{{·, . . . , ·}} : A⊗n → A⊗n

which is a derivation A → A⊗n in its last argument for the outer
bimodule structure on A⊗n:

��
a1, a2, ..., an−1, ana�n

��
= an

��
a1, a2, ..., an−1, a

�
n
��

+
��

a1, a2, ..., an−1, a
�
n
��

a�n
and which is cyclically anti-symmetric in the sense

τ(1...n) ◦ {{·, . . . , ·}} ◦ τ
−1
(1...n) = (−1)n+1 {{·, . . . , ·}}

Now, we want to prove some kind of Jacobi identity. If a ∈ A, b =
b1 ⊗ . . . bn ∈ A⊗n, we define:

{{a, b}}L = {{a, b1}}⊗ b2 ⊗ . . .⊗ bn
{{a, b}}R = b1 ⊗ b2 ⊗ . . .⊗ {{a, bn}}

Next, associated to a double bracket {{·, ·}} we define a tri–ary ope-
ration {{·, ·, ·}} as follows:

{{a, b, c}} = {{a, {{b, c}}}}L + τ(123) {{b, {{c, a}}}}L + τ(132) {{c, {{a, b}}}}L

Double Poisson Bracket
A double bracket {{·, ·}} on A is a double Poisson bracket if
{{·, ·, ·}} = 0. An algebra with a double Poisson bracket is a double
Poisson algebra.

Lemma (Van den Bergh)
If a, b ∈ A and ω ∈ DR2(A) is a bi–symplectic form, then {{a, b}}ω :=
iHaιHb

ω is a double Poisson bracket.

Double Schouten–Nijenhuis Bracket

We shall define a bracket which induces an identifiable algebraic
structure on TA Der(A)) and resembles the commutator bracket of
vector fields.

Let Θ,∆ ∈ Der(A). Then

{{Θ,∆}}∼l = (Θ⊗ 1)∆− (1 ⊗∆)Θ
{{Θ,∆}}∼r = (1 ⊗ Θ)∆− (∆⊗ 1)Θ = − {{∆,Θ}}∼l

define derivations A → A⊗3. Now, consider

{{Θ,∆}}l = τ(23) ◦ {{Θ,∆}}∼l
{{Θ,∆}}r = τ(12) ◦ {{Θ,∆}}∼r

Finally, for a, b ∈ A and Θ,∆ ∈ Der(A), we put

{{a, b}} = 0
{{Θ, a}} = Θ(a) (1)
{{Θ,∆}} = {{Θ,∆}}l + {{Θ,∆}}r

Proposition
Define {{·, ·}} : (TA Der(A))⊗2 → TA Der(A)⊗2 to be the unique dou-
ble Poisson bracket such that (1) hold. Further, the definitions in (1)
define a unique structure of a double Gerstenhaber algebra on the
graded algebra TA Der(A), i.e. a (super) double Poisson algebra with
a double Poisson bracket {{·, ·}} of degree -1.

Tensor N–Algebras

As usual, in non-commutative algebraic geometry, Sym•(·) is mea-
ningless. It has to be replaced by the tensor product over an asso-
ciative algebra B, TB(·):

Tensor N–Algebras
Consider R a commutative k -algebra. Let B be an associative unital
R–algebra. A to be called a tensor N–algebra over B if it is a graded
associative B–algebra which can be written as

A = TBM

where M is a positively graded B-bimodule.

In order to develop non-commutative features as (double) deriva-
tions or differential forms over these objects, we keep in mind:

We extend all these constructions to the relative case.
The grading on A gives rise to the Euler derivation and it acts on
all canonical objects.
As a consequence, some spaces are bi–graded.

Lemma
Consider R a commutative k -algebra, B a smooth associative R-
algebra and E1, ...,EN arbitrary B-bimodules where N is a non–
negative integer. Let us define the non-negatively graded associa-
tive algebra A defined as the tensor B–algebra of the B–bimodule
M := E1[−1] ⊕ . . . ⊕ EN [−N]. Finally, ω ∈ (DR2

R(A))(N) is a bisym-
plectic form of weight N over A. Then,
(i) The isomorphism ι(ω) : DerR(A) → Ω1

R(A)[−N] induces another
isomorphism

�ι(ω) : A ⊗B DerR(B)⊗B A → A ⊗B EN [−N]⊗B A

(ii) In weight zero, the isomorphism �ι(ω) induces the following iso-
morphism:

(�ι(ω))(0) : DerR(B) → EN [−N]

Sketch of the Proof Consider the following diagram:

0 ��A ⊗B M∨ ⊗B A ��DerR(A) ��

ι(ω)��

A ⊗B DerR(B)⊗B A ��0

0 ��A ⊗B Ω1
R(B)⊗B A ����Ω1

R(A) ��A ⊗B M ⊗B A ��0

If we prove that the composition of maps:

A ⊗B M∨ ⊗B A ��DerR(A)
ι(ω)��

Ω1
R(A) ��A ⊗B M ⊗B A

is zero then by applying the Universal Property of the kernel, we

obtain the dashed arrow:

0 ��A ⊗B M∨ ⊗B A ����

��

DerR(A) ��

ι(ω)��

A ⊗B DerR(B)⊗B A ��0

0 ��A ⊗B Ω1
R(B)⊗B A ����Ω1

R(A) ��A ⊗B M ⊗B A ��0

Similarly, by using the same kind of arguments, we state that there

exists the dashed arrow

0 ��A ⊗B Ω1
R(B)⊗B A ����

��

Ω1
R(A) ��

(ι(ω))−1
��

A ⊗B M ⊗B A ��0

0 ��A ⊗B M∨ ⊗B A ��DerR(A) ��A ⊗B DerR(B)⊗B A ��0
Putting all together:

0 ��A ⊗B M∨ ⊗B A ��

��

DerR(A) ��

ι(ω)��

A ⊗B DerR(B)⊗B A ��0

0 ��A ⊗B Ω1
R(B)⊗B A ��

��

Ω1
R(A) ��

(ι(ω))−1
��

A ⊗B M ⊗B A ��0

Finally, by construction, the dashed arrows are inverse one of each

other.

Proposition
Bi–symplectic N–algebras of weight 1 are isomorphic, as double
Gerstenhaber algebras, to (TB DerR(B),Ω), the non–commutative
cotangent bundles, where B is a smooth algebra and Ω is determi-
ned by the double Schouten–Nijenhuis bracket of the tensor algebra
of double derivations.

Bisymplectic NQ–Algebras

Bi–symplectic NQ–algebras
Consider R a commutative k–algebra, B a smooth associative R–
algebra and M a B–bimodule.
(i) An associative NQ–algebra is a tensor N–algebra A = TB M

endowed with a homological double derivation Q : A → A ⊗B A
of weight +1, that is, Q satisfies the equation {{Q,Q}} = 0 where
{{·, ·}} stands for the double Schouten–Nijenhuis bracket.

(ii) A bi–symplectic associative NQ–algebra is an associative NQ–
algebra which satisfies the additional condition LQω = 0 where
LQ is the reduced Lie derivative along the homological double
derivation Q.

Classification of Bisymplectic NQ–algebras
Bi–symplectic NQ-algebras of weight 1 are in 1–1 correspondence
with Double Poisson algebras.
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